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Abstract 

Given a lightlike hypersurface L in a Lorentzian manifold and £ a vec- 
tor field which is not tangent to it, we construct a lightlike section, a screen 
distribution and a Riemannian metric g on L. We study the relationship 
between the ambient Lorentzian manifold and the Riemannian manifold 
(L,g~) under some suitable hypothesis on f, which allows us to prove some 
results about L using the Riemannian character of g. We particularize to 
the case of generalized Robertson- Walker spaces. 
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1 Introduction 

Lightlike hypersurfaces are exclusive objects from Lorentzian manifolds, in the 
sense that they have not Riemannian counterpart, so they are interesting by 
their own from a geometric point of view. Moreover, they play an important 
role in relativity theory because they represent light fronts, in particular event 
horizons, that are used in the description of the laws of black hole mechanics. 
It is believed that quantum gravitional effects are relevant inside them, so they 
are key objects for modern physics, [TP] . 

The degeneracy of the induced metric makes impossible to study them as 
part of standard submanifold theory, forcing to develop specific techniques. The 
usual tool to study a lightlike hypersurface L is to fix on it a geometric data 
formed by a lightlike section and a screen distribution. This allows to define 
an induced connection, which does not arise necessarily from a metric, and the 
second fundamental form, which gives the expected information on the extrinsic 
geometry of L. But the induced connection is not an appropriate tool to study 
the intrinsic properties of L by obvious reasons. Both the lightlike section and 
the screen distribution are fixed arbitrarily and independently, so all geometric 
objects derived from them depend on these choices. A remarkable exception is 
the second fundamental form, which does not depend on the screen distribution 
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but its precise value does depend on the lightlike section. However, the quali- 
tative facts of being proportional to the metric or being zero, which correspond 
to totally umbilic or totally geodesic hypersurfaces, are also independent of the 
chosen lightlike section. There are additional difficulties since it is not clear how 
to choose them in order to have a reasonable coupling between the properties 
of L and M, specially in the presence of symmetries. Despite these difficulties, 
there are remarkable success, specially in relativity theory, [2] [3] [TO], and some 
papers deal with the construction of canonical screen distributions, which could 
overcome the above mentioned dependence, [B]. 

The motivation of this paper is to introduce a Riemannian structure instead 
of a linear connection on a lightlikc hypersurface. The fact that the auxiliary 
structure is Riemannian and that it fixes a lightlike section and a screen distri- 
bution in a natural way, makes us believe that it is an appropriate tool to study 
lightlike hypersurfaces both intrinsically and extrinsically. So we think that it is 
an extension of the previous techniques with improved properties. As a result, 
much of well known facts in the theory admit an easy interpretation. For ex- 
ample, the Null Splitting Theorem introduced by Galloway in [5] was presented 
as a lightlike version of the Lorentzian Splitting Theorem, where the "splitting" 
takes place in a lightlike hypersurface L in certain sense. The splitting interpre- 
tation is clear now because, with our Riemannian metric, (L, g) locally becomes 
a direct product Rx5, see Theorem [25] and Remark [26] 

The construction of the Riemannian structure on a lightlike hypersurface 
L is made in Section [3] It depends on the choice of a vector field ( (called 
rigging) on an open neighborhood of L in a way such that the lightlike section 
£ (called the rigged of £), the screen distribution and the Riemannian metric g 
that it fixes on L are reasonably coupled with the ambient geometry. Indeed, the 
coupling degree is related with the geometric properties of the chosen rigging. 
For example, in general, L is totally geodesic if and only £ is ^-orthogonally 
Killing (Remark [H]), but if £ is closed, then L is totally geodesic if and only 
if £ is g-parallel, ( Corollary |2"3"]) . These kind of relations allow us to obtain 
new information on the properties of L as a lightlike hypersurface. Theorem 
1171 uses the Bochner technique to show a curvature condition which implies 
that a compact umbilic lightlike hypersurface must be totally geodesic. On the 
other hand, if the rigging is conformal, then the rigged vector field is geodesic 
respect to g, Lemma [TO This is used in Corollary [201 to study closed lightlike 
hypersurfaces. 

Besides the family of event horizons, that has been extensively studied in 
physics, future and past lightcones are the most natural examples of lightlike 
hypersurfaces. As we can expect, lightcones at any point can not be totally 
geodesic, Proposition 1281 We wonder when they are totally umbilic and we 
obtain a positive answer in Robertson- Walker spaces, Proposition 1551 In Theo- 
rem!36lwe show that in a generalized Robertson- Walker space, conjugate points 
along a lightlike geodesic in totally umbilic lightcone, have maximum multiplic- 
ity, which could be relevant in Cosmology. In Theorem [33] we show that if a 
generalized Robertson- Walker space IXfF admits a totally umbilic lightlike hy- 
persurfaces, then F splits locally as a twisted product, so in this family there are 
examples without totally umbilic lightlike hypersurfaces. Moreover, in spaces 
of constant curvature with dimension greater than 3, lightcones are the unique 
proper totally umbilic lightlike hypersurfaces. This last result was known in 
principle in the literature [T], but we believe there is a gap in their argument, 
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so we give an alternative proof, Theorem 351 We also show in Theorem H51 that 
totally umbilic lightlike hypersurface in a Robertson- Walker space I Xf §™ _1 , 
with n > 3 and j I j > n, are lightcones. In particular, this result can be applied 
to the closed Friedmann Cosmological space. 

2 Geometry of lightlike hypersurfaces 

In this section we review some facts about lightlikc hypersurfaces to fix notations 
(see [5] for details). 

Given (M, g) a n-dimcnsional timc-orientable Lorentzian manifold and L a 
lightlike hypersurface, we can choose a lightlike vector field £ G X(L). A screen 
distribution SL is a complementary distribution in TL to £ and the transverse 
distribution is the unique lightlike one-dimensional distribution orthogonal to 
SL not contained in TL. Being M time-orientable, there is a lightlike vector field 
N over L which generates the transverse distribution and it can be normalized 
so that g(N^) = 1. 

We usually denote by U, V, W vector fields in L and X, Y, Z vector fields in 
SL. If U, V G X(L), the vector fields VjjV and VjjN can be decomposed in the 
following way. 

VuV = VfjV + B(U,V)N, (1) 
VuN = t(U)N - A(U), 

where V^V, A{U) € TL and r is a one form. The operator V L is a symmetric 
connection that satisfies 

(V£<?) (V, W) - B(U, V)g(N, W) + B(U, W)g(N, V), (2) 

A is the shape operator of L and B is a symmetric tensor, called the second fun- 
damental form of L, that satisfies B(U, V) = —g(Vu£, V). Moreover, ■) = 
and £ is a pregeodesic vector field, in fact = — t(£)£. 

The notion of totally geodesic or umbilic hypersurface also has sense in the 
degenerate case. Indeed, L is totally geodesic if B = and totally umbilic if 
B = pg for certain p G C°°(L). 

Given U G -£(£), the vector field Vj/£ belongs to L, so it can be decomposed 

as 

Vu$ = -r(U)t-A*(U), 

where A*(U) G SL. The endomorphism A* is called the shape operator of SL 
and it satisfies B(U, V) = g(A*(U), V) and 

B(A*(U),V) = B(U,A*(V)). (3) 

The trace of A* is the lightlike mean curvature of L, explicitly given by 

n n 
i—3 i—3 

being {e3, . . . , e„} an orthonormal basis of SL p . 

On the other hand, given U G X(L) and X G SL, we decompose 

V%X = V U X + C(U,X)£. (4) 
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The tensor C holds C(U,X) = -g{VuN,X) = g(A{U),X) and 

C(X,Y)-C(Y,X)=g(N, [X,Y]). 

In case of being SL integrable, V* is the induced Levi-Civita connection 
from (M, g) and Equations (TTJ) and (0} show that its second fundamental form 
is 

l SL {X, Y) = C(X, Y)£ + B(X, Y)N, 

where X, Y 6 SL. 

The curvature tensor of V L is defined as R\j V W = V^V^W - VyV^W - 
Vj^yi W and it satisfies 

Ruv£ = RuvS, (5) 
and the so called Gauss- Codazzi equations 

g(R uv W, X) = g{Rh v W, X) + B(U, W)g(A(V), X) (6) 

-B(V,W)g(A{U),X), 
g(R uv W, = (V&fl) (V, W) - (v£fl) (U, W) + t{U)B{V, W) (7) 

-t(V)B{U,W), 
g(R uv W 1 N)=g(R^ v W,N) 1 

where U, V, W € X(L) and X e SL. From these equations it can be deduced 
the following ones. 

g(R uv X, N) = (W^C) (V, X) - (V* V L C) (U, X) + t(V)C(U, X) 

-t(U)C(V,X), (8) 
g(Ruvt N) = C(V, A* (U)) - C(U, A* (V)) - dr{U, V), (9) 

where V£r L C is defined as 

(V* V L C) (V, X) = U(C(V, X j) - C(\/^V, X) - C(V, vpo- 

Using Equation (J7]) , we can compute the lightlikc sectional curvature respect 
to £ of a lightlikc plane II = span(X, £), where X S SL is unitary, 

/Q(n) = (vfB)(x,x) - (y$B)(t,x) + T{£)B(x,x). 

In particular, if L is totally umbilic, using Equation we have 

IC i (U)=ap)+r(Op-p 2 (10) 

and if it is totally geodesic, we have /Q(n) = for any lightlikc tangent plane 
II to L. Since the sign of the lightlikc sectional curvature only depends on the 
lightlikc plane and not on the chosen lightlike vector, we can state the following. 

Proposition 1 Let M be a Lorentzian manifold andp G M such that /C(II) ^ 
for any lightlike plane II C T p M . Then, it does not exist any totally geodesic 
lightlike hypersurface through p. 

As a simple application of this result, the Friedmann models do not possess 
totally geodesic lightlikc hypcrsurfaces, since its lightlike sectional curvature 
never vanishes, 
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3 Riemannian metric induced on a lightlike hy- 
per surface 

In this section, we show how to induce a Riemannian metric on a lightlike 
hypersurface L. The construction depends on the choice of a vector field in a 
neighborhood of L and, as we will see, it also induces a lightlike vector field 
and a screen distribution on L. In this sense, the geometric data on L are not 
independently chosen, but they depend on the arbitrarily chosen vector field. 

Take £ a vector field defined in some open set containig L and denote by 
a the 1-form metrically equivalent to C- Take 10 = i*a, being i : L M the 
canonical inclusion, and consider the tensors g = g + a ® ex and g = i*g. 

Lemma 2 Given a point p G L, the following statements hold. 

1. g p is degenerate if and only if Cp * s timelike and unitary for g. 

2. g p is Riemannian if and only if Cp ^ T p L. 

If Cp is timelike and > 1 (resp. < 1), then ~g is Riemannian (resp. 
Lorentzian). Point 2 of this lemma motivates us to define the following. 

Definition 3 Let L be a lightlike hypersurface of a Lorentzian manifold. A 
rigging for L is a vector field £ defined on some open set containing L such that 
Cp ^ T p L for each p G L. 

The notion of rigging comes from General Relativity and it is originally 
defined only over L, see [16] . In our approach it is defined in an open set 
containing L because we need its properties as a vector field in M. 

From now on we fix C a rigging for L. It docs not only induce a Riemannian 
metric g in the whole L, as Lemma [5] asserts, but it also fixes a lightlike vector 
field in L, which we call rigged vector field. 

Definition 4 The rigged vector field of C is the <?— metrically equivalent vector 
field to the 1-form tu and it is denoted by £. 

Lemma 5 The rigged vector field £ is the unique lightlike vector field in L such 
that g(C,£) = 1- Moreover, £ is lj-unitary. 

Proof. Take v G TL a lightlike vector. Since ( p ^ TL, using the definitions of u; 
and g, we have <?(£, v) = g((, v) ^ and g(£, v) = g(£, £)<?(£, v), thus £) = 1. 
Now, observe that g(£, £) = g{(, £) and g(£, £) = g(£, £) + g(£, £) 2 . □ 

We can consider the screen distribution given by TL fl , which we denote 
by SL(Q, and derive all geometrical objects defined in Section [2] Observe that 
SL(() is the g-orthogonal subspacc to £ and the lightlike transverse vector field 
to SL(() is given by 

N = C-\g(C,C)C 

We could have constructed a Riemannian metric on the whole M which 
would induce a Riemannian metric on L, Lemma [2] However, this construction 
is too rigid and it restricts the link between the geometry of the ambient and 
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the geometry induced on L. In this paper the key point is not the Riemannian 
character of the metric g on the ambient, but that of the induced metric g on 
L. 

In [J] , after fixing a lightlike vector field £ G 3Z(L) and a screen distribution 
SL, a Riemannian metric h is constructed on L defining h(U, V) = g(U,V) + 
g(N,U)g(N,V), where N is the lightlike transverse vector field determined by 
£ and SL. This Riemannian metric h coincides with our construction of g 
in the special case that we had considered N as a rigging defined only on L. 
Neverthess, our approach is slightly different since we construct the Riemannian 
metric g, the lightlike section £ and the screen distribution only after fixing a 
rigging (. This allows us to take advantage of the existence of rigging with good 
properties. 

We need the relation between the Levi-Civita connections of both g and g. 
Call V the Levi-Civita connection induced on L by g and D = V — V, which is 
a symmetric tensor. 

Proposition 6 Given U,V,W € 3C(L), it holds 

g{b{U, V),W) = -\(u(W){L{g)(JJ, V) + w{U)du{V, W) + u{V)du{U, W)) , 
where is the Lie derivative along £. 

Proof. We can suppose that the involved Lie brackets vanish. The Koszul 
identity leads us to write 

2g(VuV, W) - Ug(V, W) + Vg(U, W) - Wg(U, V). 

Using that g = g — uj ® uj and rearranging 

2g(V v V, W) = 2g(VuV, W) - (u{w ® u{V, W)) + V{lo ® u(U, W)) 
-W(uj®lj(U,V))^ 
= 2g{VuV,W) 

- (Vu(uj 9 u)(V, W) + Vy(w ® w)(U, W) - Vh/(w ® u)(U, vfj . 
Taking into account 

du){U,V) = (Vt/w)(V) - (V v w)(l7), 
{L(g){U,V) = (Vulo)(V) + (V v oj)(U), 
the last part of the above expression reduces to 

u{W){L{g){U, V) + Lu(V)dtu(U, W) + (j(U)du(V, W) 
and we obtain the desired formula. □ 

Now, we take D = V L — V, which we call difference tensor. It is also 
symmetric and D — D = B ■ N . Therefore it holds 

g(D(U, V), W) = -l(u{W)(L(g)(U, V) + Lo(U)dio(V, W) + Lu(V)du:(U, W)) 
-B(U,V)w(W). (11) 
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For convenience, we usually work with D instead of D because it will simplify 
some computations in the next section. The following basic identities holds. 

Corollary 7 Given U G £(!/) and X,Y, Z G SL(Q, we have the following. 

1. g(D(X, U),X) = g(D(X, U),X) = 0. 

2. g(D(X, Y), Z) = g(D(X, Y),Z) = 0. 

3. g(D(U,0,0 = -t(U) = -g(Vut,0- 

I -2C(U, X) = da(U, X) + (L c g) (U, X) + g((, QB(U, X) . 
Now, we relate some geometric object of the lightlike hypersurface L with g. 
Proposition 8 Take X,Y,Z G SL{(). It holds 

1. V X Y = V* X Y -g{Vx£,Y)Z t thu S g(V x Y,Z)=g(V x Y,Z). 

2. (Leg)(X, Y) = -2B(X, Y). In particular H = -div£. 
Proof. 

1. From the above corollary D(X,Y) = for certain a. Thus V X Y = 
V x Y+ (C(X,Y)-a)Z, but 

C(X, Y)-a = g(V x Y, = -fl(Vxf , Y). 

2. It follows taking U = X, V = Y and W = £ in Formula (TTTj) . 

□ 

Remark 9 From the first point of the above proposition, for all X, Y G SL(Q, 
D(X,Y) = (C(X,Y)+g(y x t,Y))Z. (12) 

On the other hand, from the second point, L is totally geodesic if and only if '£ 
is g- orthogonally Killing and it is totally umbilic if and only if '£ is g- orthogonally 
conformal. 

Remark 10 Suppose that M is orientable and L is a compact lightlike hyper- 
surface. Then L is also orientable, and point 2 above implies J L Hdg = 0. 
In particular, its lightlike mean curvature vanishes somewhere. This fact is a 
remarkable difference with respect to non-lightlike hyper surf aces. 

In [13] , some conditions on a lightlikc hypersurface is given to ensure that a 
lightlike vector field on it can be rcscalcd to be geodesic. If we choose a suitable 
rigging for L, then we can get a geodesic rigged vector field. 

Lemma 11 Let L be a lightlike hypersurface and Q a rigging for it. If £ is 
conformal, then V{£ = 0, that is, r(£) = 0, and t(X) = —^g(V^£,,X) for all 
X G SL(Q. 

Proof. From Corollary [71 r(£) = g(VfC)£) = 0- O n the other hand, Proposi- 
tion [5] and Corolary [7J implies 

5 (Vf£, X) = -g{m, 0, X) = duj{t X) = da{i, X) = -2g(£, V x () 
= ~2t(X). 

□ 
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4 Curvature relations 

In this section we relate the curvature tensor R L derived from the linear con- 
nection V L and the curvature tensor R of (L, g) as a Ricmannian manifold 
itself. This, jointly Gauss-Codazzi equations, allows us to relate the curvature 
of (M,g) and (L,g). We use the following general lemma. 

Lemma 12 Let R L , R be the curvature tensors associated to arbitrary sym- 
metric connections V L , V on a manifold L. Given U,V,W € ~X.iL) it holds 

RLyW = R UV W + {VuD)(V, W) - (V V D)(U, W) 
+ D(U,D(V,W)) - D(V, D(U, W)), 

where D = V L — V is the difference tensor. 

First, we relate the sectional curvatures of g-orthogonal planes to £. In this 
section we need the adjoint of V[/£ as an endomorphism, so for simplicity we 
will use the notation S(U) = V[/£. 

Theorem 13 Let M be a Lorentzian manifold, L a lightlike hypersurface and f 
a rigging for it. If II = span(X, Y), being X, Y £ SX(C) unitary and orthogonal 
vectors, then 

K(U) - K(U) = -C(Y, Y)B(X, X) - C(X, X)B(Y, Y) 
+ (C(X,Y)+C(Y,X))B(X,Y) 

+ B(X, X)B(Y, Y) - B(X, Yf + jduj(X, Y) 2 . 

Proof. From Lemma [T21 

g{R L XY Y - R XY Y, X) = g{{V x D){Y, Y), X) - g((V Y D)(X, Y), X) 

+ g(D(X, D(Y, Y)),X) - g(D(Y, D(X, Y)),X). 

We compute each term. Using Formulas pT|) and (|12p , the first one is 

g((V x D)(Y, Y), X) = (C(Y, Y)+g(S(Y),Y))g(S(X),X)+g(S(X),Y)dLj(X, Y). 

The second term is computed in a similar way. 

g((V Y D)(X, Y),X)= (C(X, Y)+g(S(X),Y))g(S(Y), X)+±g(S(Y), X)dco(X, Y). 

The third one vanishes by Corollary [7] We compute the last one. 

g(D(Y,D(X,Y)),X) = ~g(D(X,Y),Z)du(Y,X) 

= \ {C(X, Y) + g(S(X), Y))du(X, Y). 

Using the identities du(X, Y) = g(S(X),Y)-g(X, S(Y)) and (L s g) (X, Y) = 
g(S(X),Y)+g(X,S(Y)) we have 

g(R L XY Y -R XY Y,X)= l -C{Y, Y) (L 6 g) (X, X) + \ (L f g) (Y, Y) (L{g) (X, X) 

-\C{X, Y) fag) (X, Y) - g(S(X), Y)g(S(Y),X) + ±du(X, Y)\ 



8 



We can express 

g(S(X),Y)g(S(Y), X) = ± ((i c g) (X, Y) + dw(X, F)) ((L f s) (X, F) - du{X, Y)) 
= \{L t g){X,Yf -\MX,Y)\ 

thus 

g{R L XY Y - R XY Y, X) = \c{Y, Y) (L c g) (X, X) + ± (L e g) (X, X) (L c g) (Y, Y) 

\c{X,Y){L t g){X,Y) - \{L^){X,Y) 2 + \du{X,Y)\ 

Finally, using Proposition [5] and the Gauss-Codazzi equation ©, we get the 
result. □ 

Observe that if L is totally geodesic, then If (II) > K (II) for any tangent 
plane contained in SX(f). 

Now, consider S* : X(L) — > X(L) the adjoint endomorphism of 5*. We can 
decompose S*(U) as 

S*(U)=S*^(U)+g(V&U)t, (13) 
where S'* J -(C/) is (^-orthogonal to £. Observe that $*(£) = 0. 
Definition 14 We say that the rigged vector field £ is orthogonally normal if 
g(S(X), S(X)) = giST^X), S^pQ) (14) 

for allX £ SL((). 

There are two important cases where the rigged vector field is orthogonally 
normal: if SL(() is integrable and if L is totally umbilic. Indeed, if SL(() is 
integrable, then £ is g-irrotational. Therefore S* ± (X) = S(X) for all X G SL(() 
and obviously Equation (|T4|) is satisfied. On the other hand, if L is totally 
umbilic, from Remark^ S*^(X) = 2pX - S(X) for certain p G C°°(L) and all 
X G SL{Q and Equation ([T4"]) can be easily checked. 

Now, we state a formula relating the lightlikc sectional and the ^-sectional 
curvature of planes containing £ in the case of being orthogonally normal. 

Theorem 15 Let M be a Lorentzian manifold, L a lightlike hyper surf ace and 
£ a rigging for L. Suppose that its rigged vector field £ is orthogonally normal. 
IfH — span{X,^), where X G SL(£) is a unitary vector, then 

/Q(II) - K(Il) = t(0B(X, X) - g(V x V& X) + g(X, V^f 
+ ±(g(S 2 (X),X)-g(S(X),S(X)). 

Proof. Applying Lemma [T21 we have 

g(Rx^ - Rx& x) = s((v x D)(f, 0, x) - g((%D)(x, 0, x) 

+ g(D(X, D(£, 0), X) - g(D(£, D(X, £)), X) . 
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We compute each term. For the first one, 

flf((V*D)(£, 0. *) = 5(Vx^(e, + <MVjc& X) 

= -r(0g(S(X),X) - g(V x V& X) + dw(Vjr & X). 

The second one is 

ff((V s D)(X,0,X) = -g(D(X,0,VsX) -g(D(V s X,0,X), 

but 

ff(£>(X, 0, V e X) = g(D(X, 0, V £ X) + 3(£>(X, £), £)s(V e X, £) 

= -i(fl«,V e Jf)(L f 3r)(A:,0+dw(X,V£A:)) +r(X)5(S(0,X) 

= ^(5(0, *) 2 - ^dw(*> V ? X) + r(A-)flf(5(e), X). 

Therefore, 

fl((V e D)(X, 0, *) = -\g(S(0, Xf + \du{X, V e X) - T(X)g(S(0, X) 

+ i (cfco(V ? X, X) + flf (V e X, f )dw(f , *)) 
= -.g(X,5(0) 2 -r(X)5(5(0,X). 

The third one is zero due to Corollary [7J The last one is 
g(D(£ t D(X, £)), X) = ~(du(D{X, 0,X) + g(D(X, £), 0<M£> x )) 

= ~(g(yD(x,^, X) - g(D(X, 0, VxO - r(X)g(S(0,X)) 
= -lg&D(x,t)S, X) - \du{X, VxO + lr(X)g(S(0, X). 
Now, using Formula (J5j) -> 
g{Rx& - Rx& X) = -r(£)g(S(X),X) - g{V x V e £, X) + g(X, S(0) 2 

+ ±r(X)g(S(0, X) + hg(V D{x ,^, X) + X). 

Finally, we use that £ is orthogonally normal to compute the last part of the 
above formula. Taking into account Formulas (jlip . (fT3|) and Corollary [7] 

\g^D { x,i)^X) + ldu{VxZ,X) = ±g(D(X,t),S*(X)) + ^du(S(X),X) 
= —duiX^iX)) + ^MS(X),X) - ±r(X)g(S@,X) 
= ±(g(S 2 (X),X)-g(S(X),S(X)) - ± T (X)g(S(®, X), 
and we obtain the desired result. □ 
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Corollary 16 Let L be a lightlike hypersurface and £ a rigging for it. Suppose 
that its rigged vector field £ is orthogonally normal. Then 

Ric(0 = Rfc(0 + t(OH - diW^ + \{tr(S 2 ) - \S^\ 2 ), 

where tr denotes the trace and | *S* — L | 2 = ET=3 9(S( e i)> S( e i))> being {e^, . . . , e„} 
an orthonormal basis of SL(£). 

Observe that the last part of the formula in Theorem rr5] and Corollary 
[in] has sign. Indeed, using the Cauchy-Schwarz inequality, g(S 2 (X),X) < 
g(S(X),S(X)).^ 

We finish this section with two theorems that in different conditions lead us 
to identify totally geodesic lightlike hypersurfaces. We say that a Lorcntzian 
manifold satisfies the null convergence condition if Ric[u) > for any lightlikc 
vector u G TM. It holds the reverse null convergence condition if Ric(u) < 
for any lightlike vector u. 

Theorem 17 Let M be an orientable Lorentzian manifold with dimension greater 
than three which obeys the reverse null convergence condition. If there exists a 
timelike conformal vector field on M , then any compact umbilic lightlike hyper- 
surface is totally geodesic. 

Proof. Let I be a lightlikc umbilic hypersurface with B = pg and £ € X(L) 
the rigged vector field of the timelike conformal vector field. From Proposition 
HI (L 6 g){X,Y) = -2pg(X,Y) for all X,Y G SL, thus 

g(S 2 (X), X) = -g(S(X), S(X)) - 2pg(S(X), X) 
= -g(S(X),S(X)) + 2p 2 g(X,X), 

where, as always, S(X) = Vx£, Therefore tr{S 2 ) = -\S X \ 2 + 2(n - 2)p 2 and 
applying Lemma [11] and Corollary 1161 

Ric{£) - Ric{C) = -divVf£ + tr{S 2 ) - (n - 2)p 2 . 
Integrating respect to g, 

f Ric(0 = f RTc(0 + tr(S 2 ) - (n - 2)p 2 , 

J L JL 

and using the following Bochncr formula J L Ric(£) + tr(S 2 ) = J L tr(S) 2 = 
j L {n-2) 2 p 2 , we get 

/ Ric(0= I (n-2)(n-3)p 2 . 

J L JL 

Since M holds the reverse null convergence condition, p = so L is totally 
geodesic. □ 

Example 18 This example holds the assumptions of the above theorem. Take 
the torus T" = (S 1 x . . . x § 1 ,dx 1 dx 2 + £" =3 dx f) • R is A at and L = {x E T™ : 
X2 = 0} is a compact and totally geodesic lightlike hypersurface. 



11 



Theorem 19 Let M be a Lorentzian manifold satisfying the null convergence 
condition and L a lightlike hypersurface. If it exists a complete, geodesic and 
lightlike vector field £ £ X(L), then L is totally geodesic. 

Proof. Take SL any screen distribution in L. Since Vx£, V^X £ TL for all 
X £ SL, we have 

g(Rx& X) = £(g(A* (X), X j) - g(A* (A* (X)), X) - 2g(V c X, A* (X)). 

Take {e3, . . . , e„} an orthonormal basis of eigenvectors of A* at p and extend 
it to an orthonormal basis {£3, . . . , E n } of SL in a neighborhood of p. Then, 
g(V ( Ei, A*{E t )) p = )a9((V £ Ei) p ,ei) = 0. Therefore, 

n 

rho = E 9(R*i& ei) = - 1^4* I 2 - 

i=3 

Using the null convergence condition and the inequality ^2 (trA*) 2 < \A* | 2 , 
we get < ^(iJ) - ^H 2 . Since ^ is complete, H = 0, thus A* = 0. □ 

Corollary 20 Le£ M 6e a lightlike complete Lorentzian manifold furnished with 
a timelike conformal vector field. 

1. If M holds the null convergence condition, then any closed lightlike hyper- 
surface is totally geodesic. 

2. If /C(II) > for all degenerate plane IT, then it can not exist any closed 
lightlike hypersurface. 

Proof. Suppose that L is a closed lightlike hypersurface. Since M is lightlikc 
complete and the rigged vector field £ of the conformal vector field is geodesic 
(Lemma fTI]) . it follows that £ is a complete vector field. If the null convergence 
condition holds, applying Theorem 1191 we get that L is totally geodesic. 

If we suppose /C(I1) > 0, then M holds the null convergence condition. Using 
the above point, L would be totally geodesic, but by Proposition [TJ a totally 
geodesic lightlike hypersurface has zero lightlike sectional curvature. Contradic- 
tion. □ 

Example 21 Using the above corollary, the following Lorentzian manifolds do 
not admit any closed lightlike hypersurface. 

1. The generalized Roberts on- Walker space fR x S™, — dt 2 + (1 + t 2 ) 2 g c ^j is 
lightlike complete, U5j/ , and /C(LT) > for all lightlike plane II, see 
Moreover, dt is timelike and conformal. 

2. The Lorentzian Berger sphere (S 2ti+1 , <?z,) is a complete Lorentzian man- 
ifold and it holds JC(H) > for all lightlike plane II. Moreover, the Hopf 
vector field is timelike and Killing, U2\/ . 
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5 Integrable screen distribution 



If we take a closed rigging £, its rigged vector field £ is also closed, so the screen 
distribution SL(Q is integrable. In fact, it is enough to consider an irrotational 
rigging, but we will take a closed one because it will simplify computations. We 
call I the second fundamental form of (SL((),g) inside (L,g). 

Proposition 22 Let L be a lightlike hypersurface and £ a closed rigging for it 
with rigged vector field £. Given 1,7 £ SL(Q and U £ X(L) it holds 

\7 X Y = V* X Y + B{X,Y% 
Vut = -A*(U). 

In particular, V c £ = andI(X, Y) = B(X, F)£. 

Proof. Being £ closed and unitary, V 5 £ = and (L{g){X,Y) = 2g(Vx€,Y). 
From Proposition [S] we have B(X,Y) = -g(V x £,Y) and V X Y = V* X Y + 
B(X, F)£. Moreover, since B(X, Y) = g{A*{X), Y), it follows V x £ = -A*{X). 
□ 

An inmediate consequence of the above proposition is the following. 

Corollary 23 Let L be a lightlike hypersurface and £ a closed rigging for it. 
Then 

1. L is totally geodesic if and only if the rigged vector field £ is g -parallel. 

2. L is totally geodesic (resp. umbilic) if and only if each leaf of SL(() is 
totally geodesic (resp. umbilic) as a hypersurface of(L,g). 

Compare point 1 and 2 above with Remark [5] This shows the advantage of 
taking a rigging with good properties. 

Proposition 24 Let L be a lightlike hypersurface and £ a closed rigging for it. 
Then g{V v V, W) = g{V v V, W) + u)(W)U(u(V)) for all U,V,W G X(L). 

Proof. Given X,Y,Z G SL((), from Proposition [8] and E2 g(V x Y,Z) = 
g(\7 x Y,Z) and g{Vx£, Y) = g(Vx^Y) respectively. Using these equations it 
can be checked that g(VuY, W) = g{VijY, W) and gftut, W) = s(Vt/£, W) 
for all U, W G X(L) and Y G SL(Q. Now, if we take V = u)(V)£ + Y, then 

g(WuV, W) = U(u(V)MW) + u(V)g(Vut W) + g{V v Y, W) 
= U{uj(V))uj(W) + g(VuV, W). 

□ 

The following theorem gives us the local structure of a totally umbilic light- 
like hypersurface if we consider the induced metric g from a closed rigging. 
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Theorem 25 Let (M, g) be a Lorentzian manifold, L a totally umbilic lightlike 
hypersurface andC, a closed rigging for L . Given p G L, (L,g) is locally isometric 
to a twisted product (K x S,dr 2 + X 2 g\s), where the rigged vector field £ is 
identified with d r , S is the leaf of SL(£) through p and 

being <f> the flow of In particular, dH is proportional to uj if and only if (L, ~g) 
is locally isometric to a warped product and L is totally geodesic if and only if 
(L, g) is locally isometric to a direct product. 

Moreover, if L is simply connected andt; is complete, the above decomposition 
is global. 

Proof. For simplicity, we suppose that £ is complete. Since dcu = 0, Cartan 
formula implies L^uj = 0, so the flow of £ is foliated, that is, 4> r (S q ) = <5 , r ( 9 ) 
for all q G L and r G R, being S q the leaf of SL{() through q. Using this, 
it is easy to check that (j> : K x S p — > L is onto and a local diffeomorphism. 
From Proposition HI (L 6 g)(X,Y) = -2^g(X,Y) for all X, Y e SL((). 
Therefore <f> r : S q — » S<i> r (q) is a conformal diffeomorphism with conformal 

factor exp ^—2 ^j^zrp- ds^j and it follows that 4>*(g) = dr 2 + X 2 g\s p , being 

\(r,q) = exp(-r *^ds). 

We show now that is a covering map. Let a : [0, 1] — > L be a ^-geodesic and 
(t~o,%o) £ 1 X 5 P a point such that <f)(ro,Xo) = c(0). We must show that there 
exists a lift a : [0, 1] — » M x S p of a through (j> starting at (tq, xq), [II]. There is 
a g-geodesic a : [0, s ) ->Ix S p , a(s) = (r(s),x(s)), such that <j> o a = a and 
a(0) = (?'o,xo) because <f> is a local isometry. If we suppose sq < 1, there is a 
geodesic (t\l(s), x±(s)) such that (f>(ri(s), Xi(s)) = a(s) with s G (sq — s, sq + e), 
then in the open interval (so — £, sq) it holds <f>(r(s),x(s)) = <f>((ri(s),xi(s)). 
Differentiating and using that (f> is foliated, it is easy to see that r\(s) — r(s) = 
cel. Therefore, it exists lim s _> So a(s) and the g-geodesic a is extendible. □ 

Remark 26 Locally, it always exists a closed timelike vector field, so we can 
apply the above proposition to any totally umbilic lightlike hypersurface. 

We can also obtain the global decomposition assuming the existence of a 
timelike gradient field on M instead of the simply connectedness of L. Indeed, 
suppose that / £ C°°(M) is a function with ( = V/ timelikc. If 7 : K — >• L is 
an integral curve of £, then f(jy(t)) is increasing (or decreasing), and since / is 
constant along the leaves of S'L(C), 7 intersects any leaf of SL(() at only one 
point. Therefore, <f> is injective and L splits globally as K x S. Recall that in a 
stably causal space it always exists a timelikc gradient field. 

Compactness is an obstruction to get the global decomposition of a totally 
umbilic lightlikc hypcrsupcrface. Even more, a timelike gradient field prevents 
the existence of compact lightlikc hypcrsurfaccs (not necessarily totally umbilic). 
In fact, in L we can decompose V/ = X + a£ + bN, being X G SL(Q and 
a, b G C°°(L). Now, V/ o i = X + 6£ and, by compactness, there is a point in L 
where V/oi = 0, but then V/ is lightlikc in this point, which is a contradiction. 
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Given a normal neighborhood of a point p € M, we call 9 = exp p 1 (0) 

and Cp , C~ and P the future cone, the past cone and the position vector field 
respectively in T p M . 

Definition 27 The local future and the local past lightcone at p are defined as 
C+ = exp p (C+ n 0), Cp = expp{Cp n 0) 

and the local position vector field as P exp (v) = ( ex Pp)* v {Pv)- 

The following proposition shows what intuitively seems clear. 

Proposition 28 Let M be a Lorentzian manifold. The local future (past) light- 
cone can not be totally geodesic for any p 6 M . 

Proof. Take {ei, ...,e„} an orthonormal basis at p with e± timclike and 
(x\, . . . ,x n ) normal coordinates around p with d Xi {p) = e*. Then Q — Vxi 
is a rigging for Cp in a neighborhood of p and its rigged vector field is given 
£ = 57- Since ( is closed, SX(C) is integrable and the leaf of SL(£) through 
exp p (v), where v = X)"=i v i e i C+, is given by 

Sexp p (v) = {exp p X;e^ : X2 + . . . + x\ = x\ \ Xy = Vy}. 

Obviously lim t ^o+vol(S eX p p ^ tv - ) ) = 0, but if C+ were totally geodesic, by 
Theorem l25l (C+ ,g) would decompose as ((0,e) x S exp ( v ),dt 2 + g\s exp t v )) arid in 
this case vol(S expp ( tv }) = vol(S expp ^) for all t £ (0,e), which is a contradiction. 
□ 

We can consider a leaf of SL(() as a submanifold of (M,g) or (L,g). In the 
first case, we know that the induced Levi-Civita connection is V* and its second 
fundamental form is I 5L ^ {X, Y) = C(X, Y)£ + B(X, Y)N. In the second case, 
the induced connection from (L,g) is also V* but its second fundamental form 
is Y) = B(X, Y)£. Therefore, if we call K s and K s the induced sectional 
curvatures on a leaf S of SL(Q from (M,g) and (L, g) respectively, then 

K S (U) = K S (U), 
K{U) = K s (Tl) - C(X, X)B(Y, Y) - B(X, X)C(Y, Y) 

+ 2C(X,Y)B(X,Y), 
K(U) = K S (U) - B(X, X)B(Y, Y) + B(X, Y) 2 , 

for any tangent plane II = span(X,Y) to SL((). Moreover, from Theorem [T5l 
and Corollary [TBI we have the following. 

Corollary 29 Let L be a lightlike hypersurface and £ a closed rigging for it. 
Then 

1. /Q(TI) = K(IL) +-r(0 f ( ( x,'x) > where n = span(£,X) and X 6 SL((). 

2. Ric(0 = BJc(0 + t(S)H. 
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If we consider a closed rigging, then an explicit relation between R and R L 
can be given. For this, recall that in this case C is a symmetric tensor and using 
point 3 and 4 of Corollary [7J C(£,X) = -t(X) for all X G SL(Q. We need a 
previous lemma. 

Lemma 30 Let L be a lightlike hyper surf ace and £ a closed rigging for it. Take 
U,V e X(L) and X <= SX(C)- 

1. TTie difference tensor D = V L — V is given by 

D(U,X)=(C{U,X)-B(U,X))£, 

d{u,o = -t(u)z. 

2. V V B = VfrB. 

3. The derivative of D with respect to V is given by 

(V V D)(V,X) = ((V^ L C)(^,X) - (vbB)(V,X) + T (V)B(U,X))t 
- A* (U)C(V, X) + A* (U)B(V, X) + D(D(U, V),X), 

(V V D) (V, = ( - U(t(V)) + r(V v U) + C(V, A* (U)) - B(V, A*(U)))£ 
+ t(V)A*(U). 

Proof. To prove the first point, apply Formula (TT2]) and Proposition 151 and B^l 
For the second point just take into account that B(X,£) = 0. Third point is a 
straightforward computation. □ 

Theorem 31 Let (M,g) be a Lorentzian manifold, L a lightlike hypersurface 
and £ a closed rigging for it. Take U, V € X(L) and X G SX(£). Then 

R\j V X - R UV X = {g(R uv X, N) - g(R uv X, 

+ C(U, X)A* (V) - C(V, X)A* (U) 
+ B(U,X)V v £-B(y,X)V u t, 
Rbvt - Ruvt = g(RuvC, N)£ - t(U)A* (V) + t(V)A*(U). 

Proof. The first formula follows using Lemma [T2l and l30l and Formulas and 
([8]). We can get the second one using again Lemma IT21 and l30l and Formulas ([3]) 
and ©. □ 

More accurated relations can be obtained if L is totally geodesic. 

Corollary 32 Let L be a totally geodesic lightlike hypersurface and £ a closed 
rigging for it. Given U,V,W G X(L) and X, Y G SL(C,) it holds the following. 

1. R UV W - RjjvW = g(R uv W,N)£, for all U,V,W G X{L). 
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2. If II = span{X, U} is a tangent plane to L, then 

K(U) =(l + - 9{X,X)g(U^f \ ^ (n) j/n . eHk 

{ ' V g{X,X)g{U,U)-g{X,Uy) K ' 

/C € (n) = K(U) =Oi/n is lightlike. 

3. The Ricci tensor ofg is given by 

Rfc{X, Y) = Ric(X, Y) - g(R (X Y, N) - g(R (Y X, N), 
rTc(£,U) = Ric(^U) = 0. 

4- If s" and s denote the scalar curvature of and (M,g) respectively, 

then 

s-s = 4ffic(£, N) - 2K(span(£, N)) . 

Proof. The first point follows inmmcdiately from the above theorem and Gauss- 
Codazzi equations. Since (L, g) is locally a direct product 1x5 with £ identified 
with d r (Theorem l25l) . it is obvious that Ric(£,,U) — 0. The rest is a straight- 
forward computation. □ 



6 Lightcones in generalized Robertson- Walker 
spaces 

Take I an open interval of R, / €E C°°(I) a positive function and (F,g F ) a 
Riemannian manifold. Let (M,g) be a generalized Robertson- Walker (GRW) 
space (/ x F, —dt 2 + f{t) 2 g F ), which is denoted by / Xf F. When F has con- 
stant curvature, M is called a Robertson- Walker (RW) space. The vector field 
C = fdt is timelike, closed and conformal. We use it as rigging to study umbilic 
lightlike hypersurfaces in / x f F. First, we describe lightcones in GRW spaces. 

Proposition 33 Let M = I x f F be a GRW space and fix p* = (t#, x*) S M. 
If & is a normal neighborhood of p* , then the local lightcones at p* are given by 

/"* 1 

Cl = {(t,x)eO: —dr = d F (x*,x)}, 

C p, = {(M) e e : J jj^jdr = d F (x*,x)}, 

being d F the Riemannian distance in F . Moreover, the local position vector field 
at p* is given by 

for all (t,x) G C+ U C~ , where P F is the local position vector field at x* in F. 
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Proof. Given (t, x) G C+ , it exists a lightlike geodesic 7 : J — 5- C+ such that 
7(0) = p*, ff(7'(0),C P J = -1 and 7(5*) = (t,x) for certain s* G R. Since ( is 
closed and conformal, 5(7', C) is constant and therefore, if y(s) = (a(s), /3(s)), 
we have a'(s)f(a(s)) = 1. Hence a(s) = a _1 (s), being a(s) = J s f(r)dr. On 
the other hand, /? is a pregeodesic in F which holds 



^( S ) = -2^(ln/(a( s )))/3'( s ), 



(is 

so /3 is given by 

P(s) = exp F t (b(s)u) , 
where b(s) = f( a (r)) i ^ r anc ^ u ^ T Xr F with gp(u, u) = 1. Therefore, 

1 . /■* 1 



Conversely, take (t, G such that dp(x*,x) = f t j^dr. If we call 

a ( s ) = /*» /( r ) dr > b ( s ) = Jo /( a -i( r ))2 «* = «(*), = a _1 ( s ) and = 
exp^T (b(s)u) where u G T Xr F is such that exp F (dp(x^,x)u) — x, then it is 
easy to show that j(s) = (a(s), /3(s)) is a future lightlike geodesic in M with 
7(0) =p* and 7(5*) = (t,x). Therefore, (t,x) G C+. 

To compute the local position vector field over we observe that for any 
manifold and any geodesic 7 with 7(0) = p#, the local position vector field 
is given by f 7 ( s ) = S7'(s). In our particular case, P/t, x ) = s *l'( s *)- Since 
a(s*) = t, we have 

t 

/(r)rfr, 

a(s*) 



1 

7W : 



0V) = b>(s*) (e<), j(i , )o („) = 

where P F is the local position vector field at x* in F. Since 6(s*) = J t jfpjdf 
and i/(s*) = jtW, we have 

□ 



The following lemma will be helpful to compute the second fundamental 
form of a lightcone in a Robertson- Walker space. 

Lemma 34 Let (F 7 gp) be a semi-Riemannian manifold, fix x* G F and take 
6 G F a normal neighborhood of x* . Call P F G X(8) the local position vector 
field at x#. If W G T X F , being x = exp F (v) G 0, then 

g F (\7 F P F ,w) = ^9(J,J)\s=u 
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where J is the unique Jacobi vector field over exp F (sv) with J(0) = and 
J(l) = w. 

Proposition 35 Local lightcones of a Robertson- Walker space M = I X f F are 
totally umbilic. 

Proof. Fix p* = (t* 7 x*) e M and consider p = (t,x) € C+ . From Proposition 
EES £(t,x) = ji ~ f l r)dr P(t,x) is the rigged vector field of ( = fd t . If w G SL(C) {t , x ), 
then .g(w, <9t) = and so w € T X F with g{P£,w) = 0. Therefore, 
-1 f'(t) 1 



£ f(r)dr 



m 2 fum dr 



Now, we use Lemma [331 an d that F has constant curvature k to compute 
gp('V^ I P F ,w). Take it G T Xr F such that exp^(dF{x,x :t ,)u) = x. The Jacobi 
vector field over exp^(s dp(x,x*)u), < s < 1, with J(0) = and J(l) = w is 
given by J(s) = (^(s)!-!/^), where is parallel with W(l) = w and 

Sin^yfkd F (x , x,)s) 

Sin(s/kd F (x,x,j) % 1 > ' 

¥>(s) = { s if k = 0, 

Sinh( \J — kdp-(x,x*)s ) 
1 1 L-L if k <C 



Therefore, <7f(V^P f , = (^'(l^i^u;, «;). Since B(w,w 



and dp^a;*) = J* — Urdr, we have 



B(w, w) = < 



7PF 



/'(*) 
/'(*) 
/'(*) 



Tan(Vkfl jfcdr) 



g{w,w) 



Tanh{^T-k f* jhydr) 



g(w,w) if k > 0, 
if k = 0, 
g{w, w) if k < 0. 



□ 



Since R™ , S™ and a suitable portion of H™ can be expressed as a RW space, 
the above proposition shows the well-known fact that lightcones in a Lorcntzian 
manifolds of constant curvature are totally umbilic. On the other hand, by 
Theorem [2HJ a lightconc of a RW space with the metric g decomposes itself as 
a warped product in a neighborhood of each of its points, where the fibre is a 
sphere of radius determined by Proposition [33] Table Q] shows such decomposi- 
tion in a neighborhood of some point (to,xo) of the lightcone at (0,a;*) in the 
case of Lorentzian space forms. 

Theorem 36 Let L x f F be a GRW space and 7 a lightlike geodesic in a totally 
umbilic lightcone with vertex 7(0). If J is a Jacobi vector field with J £ 7 and 
non-proportional to 7', then the Jacobi equation along 7 is 

J//+ Pic(7W) J = a 

n — 2 

In particular, a conjugate point 0/7(0) along 7 has maximum multiplicity. 
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Lorentzian space 
form 


Lightlike 

mean 
curvature 

oi o, n , 

(0,2,) 


Warped decomposition of Ci ^ j 


Radius of the 
fibre through 

(ta,x ) 


Warping 
function 


R" = K x R"- 1 


n-2 
t 


to 


tp-r 
to 


S™ = K x cosh ( t ) § n_1 


n-2 


tanh (to) 


sinh(tg) — r 


sinh(t) 


sinh(t ) 


A portion of H™ = 

(~ f ' f ) X cos(t) H n_1 


n-2 


tan (to) 


sta(to)— r 


sin(t) 


sin(t ) 



Table 1: Decomposition of CJq x s in a neighborhood of one of its point (irj 7 Xq). 

Proof. We call L an open set in the lightcone containing 7. The rigging £ = fd t 
is closed and conformal, so t = and C(£, X) = for all X £ SL((), Corollary 
[71 Using that L is totally umbilic, we have Vx£ = —pX. After a suitable affinc 
reparametrization, 7 is an integral curve of £, so 

Rjyi' = Rjtt = (£(/>) - p 2 ) J- 

Using Equation (|10j) . we get the result. Finally observe that the Jacobi 
operator is proportional to the identity, so if there exists a conjugate point, it 
has maximum multiplicity. □ 

This theorem is potentially interesting in Cosmology because it is likely that 
the multiplicity in gravitational lens phenomena, can be detected by astronom- 
ical observations. After Proposition 1551 conjugate points in Robertson- Walker 
spaces have maximum multiplicity, see also [5]. 

Given M = I x F, we call ir : M — s- F and T : M — > K the canonical 
projections. If L is a lightlikc hypersurfacc in a GRW space, then it : L — > F 
is a local diffcomorphism and thus, locally, L coincides with the graph of the 
function given by h = T o tt^ 1 : 6 — > R, where 9 C F. The lemmas below 
describe some basic properties of the function h. 

Lemma 37 Let I x f F be GRW space, 6 an open subset of F and /i:S->lo 
function. The graph of h is a lightlike hypersurface if and only if 

\W F h\ p = foh. 
In this case, (?f(V f /i, W F h)d t + \7 F h is a lightlike vector field. 
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If h is a map whose graph defines a lightlike hypersurface, then given v G TF 
we have 

Sf (V$F h V F fc, w) = \v ((/ o ft) 2 ) = (/ o h)(f o h)g F (v, V F h). 
Therefore, 

V F Fh V F h = {f oh){f oh)V F h. (15) 

Lemma 38 Lef I x f F be a GRW space, L a lightlike hypersurface given by the 
graph of a function h and consider the rigging £ = fdt ■ The rigged of £ is given 
by 

Z=-^-rd t l —^S7 F h, 

f°h (fohf 

the screen distribution is SL(Q = {X G TF : gp(X,'V F h) = 0} and the second 
fundamental form is 



B(X,Y) = -t^g(X,Y) + J—Hess F (X,Y), 
{f o h) f oh 



where X, Y G SL((). 



The following theorem shows that only special types of GRW spaces can 
admit totally umbilic lightlike hypersurfaces. 

Theorem 39 Let I x f F be a GRW space. A lightlike hypersurface L is totally 
umbilic if and only if for each (to,xo) G L there exists a decomposition of F in 
a neighborhood of Xq as a twisted product 

(J x S, ds 2 + /i(s, z) 2 gs), 

where Xq is identified with (0, zq) for some Zq G S and L is given by {(/i(s), s, z) G 
I x J x S}, being h(s) = c _1 (s) and c(t) — jj^dr. 

Moreover, if we consider the rigging £ = fdt and H is the lightlike mean 
curvature of L, then 

u(sz) = -^exp ( I" H(h(r),r,z)f(h(r)f 
f(h(s)) eXP \J n-2 

for all (s, z) G J x S. 

Proof. Suppose that L is given by the graph of certain map h : 9 — > R in a 
neighborhood of (io,£o) and that B = pg. From Formula (fT5)) and Lemma 1551 
it holds 

V F Fh V F h=(foh)(f'oh)V F h, 

W F V F h=(p(fohf-(foh)(f'oh))v 

for all v _L \7 F h. Since |V F /iL = f o h, we have that |V F ft|„ is constant 

I IF J ' I IF 

through level hypersurfaces of h. Thus, if we call E = mrj^i V F fe, it is easy to 
show that 

V|£ = 0, 

V F E=(p(fohf-(f'oh))v 



21 



for all v _L V F h. From these equations it follows that E is closed and that 
(L_BffF) (v, w) = 2(p (/ o h) 2 — (/' o h))gp(v, w) for all v, w e TF with w, w _L 
V F /i. An analogous proof as in Theorem [25] shows that F decomposes in a 
neighborhood of xo as a twisted product (J x S, ds 2 + n(s, z) 2 gp\s), where 5 is 
the level hypersurface of h through xo, E is identified with d Sl xq with (0,xq) 
and p is given by 

lt(fi, z) = exp (J (p(Mz))f(h(Mz))) 2 - f'Wriz)))) dr^j , 

being <fr the flow of E. But in this decomposition, h only depends on s and 
(In / o h) = f o h, so the above simplifies to 

^{s,z) = J(j^~yj ex P (J P{^r(z))f(h(r)) 2 drj . 

Finally, from Lema[37]we have that h(s) = c _1 (s) being c(t) = f to jj^dr. 
The converse follows easily, since from Lemma [38] the second fundamental 
form respect to the rigging fd t of L is given by 

□ 

Observe that //(0, z) = 1 for all z G S. On the other hand, if L is totally 
geodesic, then fx(s, z) = j(h(l)) an< ^ we obtain a local decomposition of F as 
a warped product instead of as a twisted product. Finally, observe that the 
theorem can be applied to any lightlike surface in a three dimensional GRW 
space, since they are always totally umbilic. 

Totally geodesic lightlike hypersurfaces in R" are given by lightlike hyper- 
planes. In S™ and H™, we can obtain totally geodesic lightlike hypersurfaces 
intersecting them with lightlike planes through the origin of R™ +1 and R™ +1 
respectively. Table [5] shows how Theorem IBTJl is fulfilled in these cases. 

On the other hand, from Proposition (3S] Theorem I3T)1 must also be fulfilled 
for lightcones in Robertson- Walker spaces. To obtain the decompositions that 
they induce in the fibre, we look for those decompositions where the parameter 
s is the distance in the fibre from a fixed point and we apply Proposition 1331 
This is shown in Table [3] Note that we have just applied a translation to include 
in the domain of the parameter s, as Theorem 1391 asserts. 

The following lemmas give us alternative characterizations of lightcones in 
a GRW space. 

Lemma 40 Let M = I X/ F be a GRW space and p* = £ M a fixed 

point. Take L a lightlike hypersurface given by the graph of a function h. Then, 
L is contained in the local lightcone at p* if and only if \im x ^ Xt h(x) = t* and 
W F h is proportional to P F , the local position vector field at F. 

Proof. Take a lightlike geodesic 7 : J — > M such that 7(0) = and 7(s) = 
{a(s),(3(s)). We have 

g F (V F h,p'(s))=(ho(3y(s), 
\V F h\ F \/3'(s)\ F = \a'(s)\. 
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Lorentzian space 
form 


Decomposition of 
the fibre 


Totally geodesic lightlike 
hypersurface 


Rf = lx I"" 1 


M x R n ~ 2 


{(s,s,z) elxBx I"" 2 } 


S™ = R x cosh ( t ) § n_1 


/ T ^1 v 2 
\ 2 ' 2 / x cos(s) a 


| (2 arg tanh (tan (|)) , s, z) £ 
R X (-f , |) x §™- 2 } 


A portion of R™ = 
(-f,f)x cosW H«-i 


K Xcosh(s) H n ~ 2 


| (2 arg tan (tanh (|)) , s, z) G 
(-§, f ) xR X H"- 2 J 



Table 2: Totally geodesic lightlikc hypersurfaccs in space forms. 



RW space 


Decomposition of 
the fibre 


I Xf R" 


(0, oo) x a S"- 1 


/ Xj 8™ 


(0,tt) x^S™" 1 


/ x f H n 


(0,oo) x sinh{a) S™- 1 



Table 3: Decomposition of the fibre induced by a lightcone. 

Using the Cauchy-Schwarz inequality and that locally = exp pt (C^), L 
is contained in the lightcone at p» if and only if V F h and j3' are proportional 
and \im x ^. Xr h(x) = t*, but observe that j3' is proportional to P F . □ 

Remark 41 Take L a lightlike hypersurface given by the graph of a function 
h. Given p* € L and any lightlike geodesic j(s) = (a(s), (3(s)) with 7(0) = p*. 
if follows h(J3(s)) < a(s) and the equality holds if and only if 7 belongs to L. 
This implies that, in a neighborhood of a point q £ L near p.^, L C / + (p*) c . 
Geometrically, this means that the local lightcone at p* is an extremal lightlike 
hypersurface near p„ . This result is also true for any arbitrary Lorentzian man- 
ifold. Indeed, given a point p* G L consider O a normal neighborhood of p* and 
suppose there exists a point q £ ln/ + (p,, O). Take a timelike plane II C T Pt M 
with 0,q€ H, where q = exp~^(q). The intersection Lnexp pt (II) is the trace of 
a curve from p* to q such that in each of its points is lightlike or spacelike and 
is contained in the timelike surface exp pt (II), but q £ I + {p* , exp pt (II)), which 
is a contradiction. 
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Lemma 42 Let M = I x f F be a GRW space with F complete and take 
(to,Xo) £ M such that F decomposes in a neighborhood of xq as a twisted 
product 

((a, b) x 5, ds 2 + fj,(s, z) 2 g s ) , 

where — oo < a < b < oo (—00 < a < b < 00), S is connected and Xq is 
identified with (0, zq) for some zq £ S . Let c{t) = J tg jjyjdr and L the lightlike 

hypersurface given by {(c _1 (s), s, z) E I x (a, b) x S}. Then L is contained in a 
future (past) local lightcone of M if and only if 

1. lim s _i. a + /i(s, z) = for all z £ S (lim^;,- /i(s, z) = for all z £ S). 

2. It exists t* £ / toztft. f * -rr^dr = a ( f * -rr^dr = b) . 

J to f(r) \Jt f{r) J 

Proof. Suppose that (1) and (2) hold. Since the integral curves of d s are 
unitary geodesies and F is complete, it exists lim s _j. Q + (s, z) for all z £ S. Fix 
z, z' £ S two distinct points such that there exists cr(r) a unitary geodesic in S 
witha(O) = z and a(d) = z' . If we call 7 S (r) = (s, cr(r)), then djr(7s(0), "f s (d)) < 
lengthi^fs) = J fx(s,a(r))dr and so Zim s _> a +dir(7 s (0),7 s (d)) = 0. Therefore, 
since S is connected, lim ;! ^ a + (s, z) is the same for all z £ 5, say a;* £ F, and the 
integral curves of d s are radial geodesic from a;*. Thus, di?(a;*, (s, z)) = s — a and 
given (i, x) £ L we have dp(x* , x) = jjpjdr — a = J t j^dr. By Proposition 
1531 L is contained in the lightcone a < . The converse is straightforward. □ 

Theorem 43 Let M = 1 x f S"" 1 (n>3) be a RW space such that 

"Lwf- (16) 

Then any totally umbilic lightlike hypersurface is an open set of a lightcone. In 
particular, it can not exists totally geodesic lightlike hyper surf aces. 

Proof. Let L be a totally umbilic lightlikc hypersurface and take (toi^o) £ L. 
Using Thcorcm[3Hl S"" 1 can be decomposed in a neighborhood of xq as a twisted 
product. Since § n_1 is Einstein, this decomposition is actually a warped product 
[7], then it is easy to show that it is 

x^ n - 2 (\™s(9)\), 

where 8 £ (—§,§), /u(s) = c ° s e [ s s ( .^ 6 '' 1 and xo is identified with (0, zq) for some 

z 6 S^- 
Using (jTHJ) , it exists t* £ / such that / t J" jfpjdr = §—6* or * j^pjdr = —^—8 

and applying the above lemma, L is contained in a lightcone. The last claim 
follows from Proposition |2"51 □ 

If condition ([TB| does not hold, then the conclusion of the theorem is not 
true. For example, in §™ = R x cosh ( t ) S n_1 there are totally geodesic lightlike 
hypersurfaces. 
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On the other hand, if the fibre is not S" _1 then it can also exists totally 
umbilic lightlike hypersurfaces which are not a lightcone although condition 
(|TB)) holds. Indeed, take / G C°°(R) a positive function such that n < J R jjyjdr 

and let M be the RW space Ex /R" . Then, using Propositionl33land Theorem 
EM it is easy to see that 



{(c- 1 (s),s,x 2 ,...,x n - 2 ) elxr 1 } 

10 f(r) ( 



where c(t) — J* jjpjdr, is a totally umbilic lightlike hypersurface which is not a 
lightcone. 



Example 44 Applying Theorem \43\ lightcones are the unique totally umbilic 
lightlike hypersurfaces in the closed Friedmann Cosmological model, since in 
this case fjj = 2ir. Recall that we already knew that Friedmann models can not 
possess totally geodesic lightlike hypersurfaces from Proposition^ 

In [JJ it is shown that totally umbilic lightlike hypersurfaces in a Lorentzian 
manifold of constant curvature are contained in lightcones. The proof is based 
on their following claim: in a Lorentzian manifold any totally umbilic lightlike 
hypersurfaces with zero lightlike sectional curvature is contained in a lightcone. 
However, the example below shows that this is not true in general. 

Example 45 Let Q x r 8 2 be the Kruskal spacetime, \1J^ . The hypersurface 
L Uo = {(uq,v,x) : (uq,v) G Q, x G § 2 } is totally umbilic and lightlike. More- 
over, if II is a lightlike tangent plane to L Ua , then it is spanned by d v and 
w G T§ 2 , so 

r 

but L Uo is not a lightcone. 

We prove now that totally umbilic lightlikc hypersurfaces in Lorentzian man- 
ifolds of constant curvature are contained in lightcones using techniques devel- 
oped in this paper. 

Theorem 46 Any totally umbilic lightlike hypersurface in a complete space of 
constant curvature and dimension greater than three is totally geodesic or is 
contained in a lightcone. 

Proof. We can suppose that M is R", S™ or H". Take L a totally umbilic 
and non totally geodesic lightlike hypersurface in R™ = Ix R n_1 . From The- 
orem [SHI and [7], it induces a decomposition of R" -1 , but since L is not totally 
geodesic, the only possible decomposition is (—a, oo) Xg s+ i §™~ 2 (^) for 6 > 
or (— oo, — ^) Xgs+i §' l ~ 2 (—5) for 9 < 0. Applying Lemma 14^1 L is a lightcone. 
Suppose now that M — S™ = M x cos h(t) §" _1 . Without loss of generality, we 
can suppose that (0,xq) g L for some xo G S™ _1 . As in the proof of Theorem 
1431 there is a decomposition of § n_1 as 



x M §- 2 (|cos(0)|), 



where 9 G (— f , f ) and /i(s) = . If 9 = 0, then L is totally geodesic (see 

Tabled]). If ^ 0, using Lemma |4"21 L is contained in a lightcone. 
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Finally, we consider M = H™ C R^ -1-1 - Since it does not admit a global 
decomposition as a RW space, a little more work must be done in this case. We 
can suppose that L intersects an open set of H™ isometric to (— f , f ) x cost H™ _1 
and (0,xo) G L for some xo G H™ -1 . Applying Theorem 1551 and [7], there is a 
decomposition of H™ -1 as a warped product J S in a neighborhood of x 
and L is given by {(2 argtan (tanh |J , s, z) : s G J, z G <!?}. The decomposition 
of H" -1 can be of three different types. 

• J x 3inh(3+a) §"~ 2 (| sinhfll) where J = (-6, oo) if 6> > and J = (-co, -0) 

sinh y r-r— 

if < 0. In this case we can apply Lemma Ff2"1 

• R x c OB h( a +g) H n_2 (cosh#) where G R. If 6* = 0, then L is totally geodesic 

cosh 

(see Table [2]), so we suppose 9^0. The map 



x co S t (R x c,.h(.-j.») H"- 2 (cosh0)) 



given by s,z) = ^cos t sinh(s + 0), CQht cosh6> S+ ^ z ' sm ^ i s an isomet- 
ric embedding into H™. If we call i = 2 argtan (tanh #) , then it holds 
cos t cosh s = 1 and sin i = tanh s and it is easy to show that 

$(L) = 

{(sinhfl + cosh 9 tanh s, (1 + tanh 9 tanh s)z, tanh s) :s£l,z6 HP~ 2 } 

is contained in the lightcone of H" at (— si ^ hg , 0, . . . , 0, — tai * h e ) . 
K x e a M"- 2 . The map 



given by 
*(f,s,z) 

/ cost (e s (1 - Izl 2 ) -e- s ) cost(e s (1 + Izl 2 ) +e- s ) N 
= I e s cost-z, i — i — ^-^ i — i — ^—-t '-,smt 

is an isometric embedding. As before, we have 
Mr(Z) 



6 • Z 

. — , tanh s — — , 1 H — — , tanh s ) : s G R, z G 

\ cosh s 2 cosh s 2 cosh s J 

which is contained in the lightcone of H™ at (0, . . . , 0, — 1, 1, — 1). 



tin— 2 



□ 
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